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Large Amplitude Shock-Wave Motion in Two-Dimensional,
Transonic Channel Flows

T.C. Adamson Jr.,* A. F. Messiter,t and M. S. Liouf
The University of Michigan, Ann Arbor, Mich.

Two-dimensional unsteady transonic channel flow with a shock wave is considered for the slowiy varying time
regime. Pressure oscillations, introduced downstream of the shock wave, cause the shock wave to oscillate; the
case considered is that where the shock moves upstream to the throat, disappears, and then reappears as the
downstream pressure first increases and then decreases. The subsequent shock-wave motion consists of
oscillations either about the throat or about the original steady flow shock position, depending upon the values
of various parameters. These two cases and the dividing case are illustrated with example calculations.

Introduction

ECENT papers on unsteady transonic channel flows,

where the unsteadiness arises as a result of pressure
oscillations introduced downstream of a shock wave, either
have dealt with relatively small amplitude shock
oscillations 2 or have included only very brief discussions of
possible large amplitude oscillations.? Thus, if the channel
half-width at the throat is L (overbars denote dimensional
quantities), @* is the critical sound speed, and ¢ is a small
parameter which measures the typical difference between the
fluid velocity and the sound speed, the case where the im-
pressed pressure oscillations have amplitude O(e?) with a
period O(e~’) and the amplitude of the shock-wave
oscillation is O (e€) is covered in Ref. 1; solutions are presented
for a symmetric channel. In Ref. 2, where a relatively highly
curved asymmetric channel is considered, the impressed
pressure oscillations have amplitude O(e?) and now a period
of O(e~?), so the amplitude of the shock oscillations is O(1).
However, only a relatively small amplitude is actually con-
sidered, the emphasis being on asymmetry of the flow.
Finally, in Ref. 3, several combinations of the impressed
pressure amplitude and period are discussed, and it is pointed
out by means of a simple example that it is possible to analyze
the case where the shock wave moves upstream to the throat,
disappears, and then later reappears. In each of the previously
named references, a ‘‘slowly varying” time regime is con-
sidered, where if the characteristic time associated with the
imposed flow distribution is O(T,,), then T,,» L/a*, where
L/a* can be regarded as a characteristic flow time.

The present paper is concerned with the case where the
pressure oscillation has amplitude O(e?) and period O (e ~?),
again in the slowly varying time regime, so that, as will be
seen, the shock-wave oscillation amplitude is O(1). In par-
ticular, we consider those cases where, as a result of the
pressure oscillations introduced downstream, the shock wave
moves upstream of the throat, disappears, and then reappears
as the downstream pressure decreases. Then, depending upon
the flow parameters, it will be shown that the subsequent
shock motion will follow one of several different paths,
ranging from an oscillation in which the shock disappears and
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reappears on a periodic basis to a periodic oscillation during
which the shock never again reaches the throat. The possible
applications to unsteady flow problems in inlets and flows
between blades in turbomachinery indicate that the solutions
to be presented for simple boundary shapes will be quite
helpful toward understanding flows in more complex
geometries.

Derivation of Equation for Shock-Wave Position

The flow to be studied is an unsteady transonic flow, with a
shock wave, in a symmetric two-dimensional channel.
Coordinates x and y, with corresponding velocity components
u and v, are parallel and perpendicular to the channel axis,
respectively. The flow upstream of the wave is steady;
pressure oscillations are impressed upon the flow downstream
of the shock, at x=X, say, and cause the shock wave to
oscillate. The gas is assumed to follow the perfect gas law and
to have constant specific heats. The flow upstream of the
shock wave is isentropic, and because the flow is transonic,
the shock is weak enough that a velocity potential may be used
to the order desired. The coordinates x and y are made
dimensionless with respect to L, time T with respect to L/a*,
and velocities with respect to a*; hence, the dimensionless
velocity potential is referred to the product Lg*. The pressure
P, density p, and temperature 7, are made dimensionless with
respect to their critical values, and enthalpy is referred to ¢*2.

The wall shapes considered are written as follows for
symmetric channels:

yu=x(U+Ef(0) )

where f(x) is the arbitrary wall shape function, such that
S(0)=f"(0)=0. Thus, x is measured from the channel throat.
The radius of curvature of the channel at the throat is O (e ~2)
from Eq. (1), and as will be seen later, u—1=0¢(¢); for
transonic flow e<1.

Certain general features of the flow are determined by the
relative order of the characteristic time associated with the
impressed disturbances, 7.,, and the characteristic time
associated with an acoustic wave traveling through the
channel, L/d*. As mentioned previously, the slowly varying
time regime is considered here, where T, » L/a*. Therefore,
a parameter's is introduced and a new stretched time coor-
dinate is made nondimensional with T, as follows:

r=T,,/(L/a*) (2a)
T=rt (2b)

where 7>1 and t=0(1). The relationship between 7 and e
depends upon the case considered. Since u—~1=0(¢), the
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Fig. 1 Pressure distribution p
in nozzle with accelerating 'O
flow; --- shockless flow; ——
flow with a shock wave.

time T, required for a signal to travel upstream from the
origin of the flow disturbance to the shock wave is O (L/d*e);
therefore T,/ T, =O(er). If 7=0(e "), the case studied in
Ref. 1, then _TS,, =0( 7"(.,, ) and there is a lag between the
impressed oscillations in pressure and the pressure, tem-
perature, etc., oscillations in the channel flow downstream of
the shock. If 7=0O(e ~?), the case studied here and in Ref. 2,
pressure signals from downstream of the shock wave reach the
shock “‘instantaneously’” in comparison with the period of the
impressed changes in pressure;i.e., T,,/T., =O(¢). Thus, we
write:

7= (ke?) ~! 3)

where k is an arbitrary constant of order unity.

The general method of solution follows that used in Refs. 1
and 2. The solutions for u,v,P,p, and T are written in the
form of asymptotic expansions for x,y,f=0{(1). Since the
flow upstream of the shock is steady and the impressed
pressure downstream of the wave has time variations only in
second-order terms, then to first order [i.e., O(e€)], the entire
flow is steady and the time dependence enters only in second-
order terms. As shown previously 2 and as illustrated in Fig.
1, variations in pressure of order €? at x=_X are sufficient to
cause local pressure variations of order e across the shock. As
will be seen, these variations are also sufficient to cause
shock-wave displacements of order one. Hence, relatively
small impressed pressure variations can cause large local
pressure changes over a large part of the channel; this, of
course, is a very important element in the study of blade
flutter in transonic turbomachinery.

The only difference between the problem considered in Ref.
I and that studied here is that in Ref. I (hereafter referred to
ascase 1)7=0(e '), whereas in the present case 7= 0 (e ~?);
i.e., the characteristic time associated with the impressed
disturbance is one order larger in the present case. Hence, in
the general governing equations, since

the partial derivatives with respect to time will be one order
smaller than in case 1. Therefore, the general outer solutions
may be derived easily from the outer solutions given in Ref. 1,
where the word “‘outer”’ refers to those solutions valid outside
a thin region enclosing the shock wave. Because the solutions
in question do not satisfy the shock-wave jump conditions in
second order, it is necessary here also to consider an inner
region about the shock, in which ‘the solutions satisfy the
jump conditions at the shock and match with the outer
solutions in the appropriate limit as the outer regions are
approached. Then the inner and outer solutions can be joined
to form a composite solution uniformly valid to O(e?)
everywhere. in the channel. Because the thickness (in the x
direction) of the inner region is O(e”), and in case 1 the
amplitude of the shock-wave motion is O(e), it is possible in
case | to consider a stationary inner region. In the present
case, the inner region thickness is again O(e”), but the
amplitude of the wave motion is O(1) and a moving inner
region must be accounted for. However, because 7=0 (e ~?),
it can be shown* that the inner solutions are unchanged in
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form from those given in Ref. 1. In case 1, the shock wave
remains close to a steady-state location and the relative
velocity ahead of the shock wave is constant to first order,
whereas in the present case the shock wave may move
throughout the channel, and the upstream fluid velocity
relative to the shock depends on the shock position and is thus
a function of time. Since, to the order considered, no time
derivatives remain in the differential equations for the inner
region, the form of the solutions is the same in the two cases,
the time dependence arising through the boundary conditions
on the relative upstream velocity.

In view of the preceding remarks, it is seen that the general
form of the composite solution holds for either case 1! or the
present case. These solutions are repeated here, from Ref. 1,
for convenience:

u=I+eu, +€’u, +... (4a)
v=€2v,+... (4b)
P=1—eyu;, —€’yu, +... (4c)
p=1—eu,—62(u2+<%>u§)+... (4d)

- u3
T:]—e('y—l)u,—62(7—1)<u2+7’)+... (4e)

wherey=C,/C, is the ratio of the specific heats and where

2
U= TrTTAGRE (52)

y?

U, =f”7 +h +E, (5b)
v, =f'y+e” (5¢)

YA +DCI" S (=1)"

= o1y j) ] E ( 3) cos ()
T . n

cexp{ —nax*/[(y+1)C,1"} (5d)
X*=(x—x,)e " (5e)

In Eqgs. (5a), C,, is an arbitrary constant determined by the
value of the velocity at the throat; i.e., if the flow is super-
sonic or subsonic there, then C,, >0, but if the flow ac-
celerates from subsonic to supersonic speed and is therefore
sonic at the throat, C, =0. Also, in Eqgs. (5), /' =df/dx, etc.,
and f; is the value of f° at x4, the =zero-order
approximation to the shock-wave location x,, which is ex-
panded as:

Xy =x0 (1) Fex,, (0 +... 6)

For case 1, x,;, =const, and in both cases, the y dependence of
x, occurs in higher order terms. In Egs. (5b) and (5¢), the
function {*(x*,y) is the contribution to the composite
potential function from the inner solution. Upstream of the
shock wave {* =0, and downstream ¢* is given by Eq. (5d).
Finally, G, is the value of u, at x, evaluated upstream of the
shock [upper sign in Eq. (5a)]. In case 1, C, =const, while in
the present case, C,, is a function of time since x,, =x,, (1) .

Before Egs. (5) can be evaluated, it is necessary to find 4,.
The equation for 4, is found from the next higher order term
in v, i.e., vy, which satisfies the boundary condition that the
flow remain tangent to the channel walls. For case 1, the
differential equation for Ais':

Rk, /(y+Dh +uh.=—u, (f + (2y=3)yul)/6+A1) (7)
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where subscripts ¢ and x indicate partial differentiation. In
Ref. 1, a general numerical procedure for finding A, was
given, which permitted u, =u, (x,¢). In Ref. 3, it was shown
that if u, =u, (x), the condition finally considered in Ref. 1
and also considered here, then for case 1 (7, = (k,¢e) ~') the
solution for A, can be written as:

1 C 1
he=— "+ 2y=3)ufl+ 2 + —G(-1) ()
6 u, u;

=0 = ke Dy () (8b)

In Eq. (8a), C, is an arbitrary constant of integration set by
boundary conditions upstream and downstream of the shock,
and G(r) is proportional to the oscillation in pressure im-
pressed downstream of the shock wave at x=X. That is, from
Egs. (4c, 5a, and 5b), it is seen that, as mentioned previously,
the pressure varies with time in second order, and that at
x=X, G(¢) is the time-varying part of s, and thus of the
pressure.

For the present case, where 7=0(e ~?), A, is dropped from
Eq. (7) and the solution is simply Eq. (8a) with ¢, =0. That is,
there is no lag between the impressed oscillations in pressure
and velocity and the corresponding oscillations anywhere in
that part of the flowfield affected by the impressed
oscillations (between the shock position x; and X). Signals
travel upstream instantaneously in comparison with the
period of the oscillation.

Finally, it is possible to calculate the shock position as a
function of time. First, we consider the shock-wave velocity,
u,=dx,/dT+0O(€e?),; (v,=0(e’?) is negligible).! Relative
to the shock wave, the first-order shock jump condition is, for
transonic flow, (u;, —u,);=— (u; —u,),, where u,, is the
first-order absolute shock-wave velocity (i.e.,
U, =eu;+€2u, +...) and where the subscripts # and d refer
to conditions immediately upstream and downstream of the
shock, respectively. Now, u,, and u,; are given by Eq. (5a)
with the upper and lower sign, respectively, so u,; = —u,,,
and from the shock relations, therefore, u,, =0. Since the
shock jump conditions are not satisfied by u,, it is clear that
u,, #0and so u, =0 (€? ). Therefore,

dx

5

“s=UT

d
=keza(x50+exs1+...)=O(62) )

and x,, =x, (f). This means that the lowest order term in x;
varies with time so that the amplitude of the shock motion is
O(1). For the shock motion in case 1, 7=0(e~') and
u,=0(e?), so that x, =const, x,; =x,, (¢), and the shock
wave undergoes only small displacements from its equilibrium
position. !

The governing equation for x,, (¢), the first approximation
to the instantaneous shock position, is derived by applying the
mass conservation principle to a control volume containing
(moving with) the shock wave. The change in entropy across
the wave (O(€®)) is employed in writing the density down-
stream of the wave. Although variations in p and v up to third
order must therefore be considered, the final result involves
only second-order terms, a result reported previously.!?3
Details of the calculations are given in Ref. 4; the resulting
equation for u, =k dx,,/dtis:

4k dxy 0 .
e T b+ -2 10
('Y+1) dt xd xu 3 u ( )

This equation has exactly the same form as that given for case
1 (Ref. 1), the only difference being that for case ! dx,,/dzis
calculated; in the present case, C, =C, (¢), whereas in case 1,
C, =const. For the specific problem considered here, where
the flow upstream of the shock is steady and pressure
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oscillations are impressed upon the flow downstream of the
shock at x=X, say, h,, is given by Eq. (8a) evaluated at
X=X, with G=0. For a flow which is sonic at the throat
(e.g., an accelerating flow), the case considered here, C,, =0
also. Again, subscripts « and d denote conditions immediately
upstream and downstream of the shock wave, respectively.
Equation (8a), evaluated at x,,, is used for A, (with ¢, =0 for
the present case); the value chosen for C,; gives the steady-
state location for the shock wave when G (¢) =0. Thus, if the
above mentioned relations for 4., and 4, are substituted into
Eq. (10), one finds that

4k dxy 1
(y+1) &t  C,

[Czd+2;70i+6(t)] (n

Hence, at the steady-state shock location, where G (7) =0 and
dxg/dt =0, C,p=—2y Ci(x,)/3, where x;, is now a con-
stant. Thus, setting C,, gives C, (x,), which from Eq. (5a)
means that the steady-state value of x, can be calculated for a
given wall shape. If we denote by C,, the value of C, at this
steady-state location, then Eq. (11) can be written as follows:

*h_dxg 1
(y+1) dt C,

2
[Zci-cn-cm] a2

Integrating this equation thus gives the unsteady shock
location measured from the steady flow location, for a given
arbitrary impressed pressure oscillation represented by G (¢).

Before analyzing the shock motion, it is of interest to note
that it is possible to write a generalized solution valid for
either case 1, with 7=0(e~'), or for the present case, with
7=0(e~?). Thus, if one replaces Eq. (8b) with the following
generalized relation,

4

1 §X 2 d¢ (13)

e dx (v+1) u, ()
and Eq. (11) with the following equations

1 4 dx} 1 2y
D @ = Gt 3 G GU—t] (142)

Xy =Xq +xJ(1) (14b)

then the general solution is given by Egs. (4, 5, 8a, 13, and
14). In Egs. (14), x, is the steady-state location of the shock
and ty =1;(x,). It is seen that for 7=0(e '), then from Eq.
(13), t,=0(1), and from Eq. (14a), x;=0(e€), i.e., xJ=¢€x,,.
Forr=0(e?),then 7,=0(e) and is negligible, and
xf=0(1), so xf+x,=x,. The generalized solutions are
particularly useful in making numerical calculations; it is easy
to separate case 1 and the present case asymptotically, but it is
not easy to choose one case over the other in a given physical
situation, i.e., with given numerical values of ¢ and 7.

Large Amplitude Shock-Wave Motion

As indicated previously, when 7=0(e ~?) the shock-wave
motion resulting from pressure oscillations impressed
downstream of the shock wave has an amplitude of order
unity. As a result, there are conditions under which the shock
will move upstream through the nozzle, disappear upstream,
and then reppear as the downstream plenum pressure drops
to the point where a shock wave in the channel is necessary to
satisfy this instantaneous pressure requirement. The con-
ditions for this occurrence and the subsequent shock-wave
motion depend in a complex manner upon the forcing func-
tion G, the steady-state shock position represented by C,,, the
walk shape f(x), and the numerical value of the time con-
stant, represented by k.

The equation which governs the shock motion is Eq. (11) or
(12), where, since x, =x,, + O(¢), to the order considered here
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x, and x,, are interchangeable. It is interesting to note that
although signals from the impressed disturbances reach ‘the
shock wave instantaneously in a first approximation, the
shock wave does not move in phase with this disturbance. The
shock velocity is finite, and indeed there is a lag between the
impressed disturbance G () and the resulting shock velocity
dx,/dt. In Eq. (12), for example, it is seen that the term
(Cly—C}) always has a sign such that its effect is to cause
the shock to move toward the equilibrium or steady-state
position. On the other hand, G (¢) is a forcing function which
changes sign periodically. The result is a shock motion which
lags G(¢).

It is clear from Eq. (11) or (12) that singularities occur as
the shock wave approaches the throat, where C,—0. The
behavior of integral curves near the throat can be found if Eq.
(11) is written for x, (and thus C,) small compared to unity
and for |r—1,| <1, where ¢, is the value of  at which the
bracket on the right-hand side of Eq. (11) goes to zero at the
throat, x,, = 0. Thus, if, for example,

G =Gysinbt (15)

then
sinbty = —C,,/G, (16)

and Eq. (11) becomes, for x,, <1 and lr—¢,| <1,

dx,, (vy+1) <t—t0)
—_ = bG — 17
dr e (bG,cosbty) C. (17a)

cosbt, = ﬂ:\[i:W (17b)

where, again, C, =u,, (x,) is the value of u, at x=x,, (1)
upstream of the shock, and where C} < lr—1, 1. A typical wall
shape and the corresponding solution to Eq. (17a) are, in the
neighborhood of the throat,

f(x)=ax? (18a)
+1)77 b
xﬁ(,:—%ﬁGo(cosbtg)(t—t0)2+C (18b)

where Cis a constant. Thus, if cosbt, >0, the point (0,7,) is a
center and the integral curves (ellipses) in the neighborhood of
this center cross x,, =0 with an infinite slope. On the other
hand, if cosdr, <0, the integral curves in the neighborhood of
(0,t,) are hyperbolas, the point being a saddle point, and the
two integral curve pass through the point (0,7,) with slopes

Ya

Icosbtol} 19)

dxyy [(74‘1)3/2 bG,
dr 252k g1?

An understanding of the possible shock motions may be
gained by analyzing the integral curves which pass through the
saddle points. The three possible configurations for these
curves are sketched in Fig. 2. In these sketches, the arrows
indicate the direction the solutions must follow as time in-
creases. In Fig. 2a, conditions are such that the integral curves
entering the saddle point (indicated by x) originate from a
particular x,, =x, at r=0. Those leaving the saddle begin to
rise, then reverse their directions and cross the time axis with
vertical slope at some point between the center (indicated by ®)
and the next saddle point. Other integral curves are also
sketched, as dotted lines. As indicated in the sketch, the paths
traced by the integral curves are repetitive. In Fig. 2c, the
opposite situation exists; the integral curves entering the
saddle point begin on the axis between a saddle and a center
with an infinite slope and then change direction and enter the
next saddle' point. Those curves leaving the saddle never
return to the axis x,, =0, but asymptotically approach a single
periodic curve (for a given C,, ). Those curves which originate
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a)

SO

Fig. 2 Sketch of possible configurations for integral curves through
saddle points, (—); other integral curves (---); ®, center; x, saddle
point. a) Integral curves leaving x reach time axis before next x; b)
integral curves leaving x reach time axis at next x; c) integral curves
leaving x never return to time axis.

with an x,, greater than any x,, on this periodic curve will
approach the periodic curve asymptotically from above. In
the dividing case, shown in Fig. 2b, the curves entering and
leaving the saddle points are the same curve.

The integral curve map obtained in any given case depends
upon C,,, k, G(t), and the wall shape f(x). Although general
solutions from which a general criterion for the dividing
condition (Fig. 2b) could be derived are not available, an
approximate result can be found for G as given in Eq. (15)
and f(x) asin Eq. (18a). Then, Eq. (11) becomes

dx.s‘() — 3 :
Kxy - C,,—Tx}y—Gysinbt (20a)
22 kva
T (y+ 1) (200)
27 2a 372
Y

and the slopes of the integral curves at the saddle points are
given by Eq. (19), with ¢, and G, related as in Eq. (16). Now,
if it is assumed that the integral curve which passes through
the saddle point at br=bt, and also through the next saddle
point at bt=bt,+27 (e.g., see Fig. 2b) is approximately
symmetric about bf = bt, + 7, then the maximum value of x,
is, from Eq. (20a),

(X50) m = (—=2C,,/T) 172 2n

Next, if Eq. (20a) is integrated first over one period (e.g.,
bt =bt, to bt=bt, + 2m) and then over a half period, and since
X =0at bty and bty + 2w and x,y = (x),, at bt=bt, +w, one
finds the following relations:

1
, 0=Cyy+T gq x3,di (22a)
[=b(t—t,)/2x (22b)
K(x0) 1 G
~2—" =-2 ;” cosbr, (22¢)

where, in Eq. (22¢), advantage has been taken of the fact that
the integral of xj, over half a period is half the integral over a
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full perlod because of the symmetry of x,,. Substituting for
cosbt, using Eq. (16), one finds from Eq. (22¢) the following
relation for G, for the special case (Fig. 2b):

(G3—C%) 2 =bK (x5) /4 (23)

where K is given in Eq. (20b). Although this equation is useful
in setting a first approximation for G,, a more accurate result
may be found by taking into account the fact that the integral
curve in_question is not in fact symmetric but is slightly
asymmetric. In this calculation, it is necessary to employ an
approximate form for x,(f); a cubic equation of the
following form suffices:

Xo=C,{(1=1) +C,yi(1—1?) 24

Now, at X, = (X)), Where dx,,/dt=0, 7 is defined as 7,,.
Thus, say

[,=Vi+ 25)

It is assumed that due to the small asymmetry 8 is numerically
small enough that terms involving 8° may be ignored. Then,
from Eq. (20a) evaluated at x; = (x,),,, Eq. (222) with Eq.
(24) used in the evaluation of the integral, Eq. (20a) integrated
over one half period (=0 to f=') with Eq. (24) used in
integrating the xJ, term, (x,,),, evaluated using Eq. (24), and
Eq. (25), one can derive the following relations for (x,,)
and finally, G,:

m?» 6’

(XSO )m = ( —35C2d/16r) n (263)
8=3C,,/87bK (x,)2, (26b)
bK (x4} 7

(G}—C3) 12 = —8m(0.207T (x,5)3,—C,,) (26¢)

4

where, again, K and T are defined in Eqgs. (20b) and (20c¢).

Example calculations of the integral curves through the
saddle points, with the sinusoidal forcing function given in
Eq. (15) and with parabolic walls as in Eq., (18a), are shown
in Fig. 3. The first approximation to the special value of G,
for case (b), calculated using Eq. (26c), must be modified
using trial and error. The calculations were carried out by
numerically integrating Eq. (20a), using Eq. (19) to find an
initial condition near x,, =0. In the calculation, b=2, k=1,
a=(y+1)/2=12, x,=1.5, C, =Q2f(x)/(y+1))*, and C,,
= ~2yC},/3, where x, and C,, are the steady-state values of
x, and C,. In Fig. 3, the letters a, b, and c refer to the
corresponding cases shown in Fig. 2. In each case only the
curves through one saddle point are shown; the repetitive
nature of the curves at each saddle point is not shown, for
clarity. It should be noted that the value ¢, in Fig. 3, referring
to the location of a saddle point, is different for each case.
The centers, which also occur at different values of ¢ for each
case, are noted in Fig. 3. With the parameters just given, it
was found that for the special case shown in Fig. 2b, the
special value for G, was, from Eq. (23), (G,),, =4.33 and
from Eq. (26¢), (G,),, =4.77. The value which gives accurate
results (Fig. 3) is:

(Gp),, =4.968 (27

Thus, Eq. (26¢) is helpful in giving a relatively accurate (4%
error) first guess for (Gy),,; in another case, with all other
parameters the same, but with x, =0.75, it was found that Eq.
(26¢) gave an estimate with an error of 6%. The curves labeled
a and ¢ in Fig. 3 were calculated using G, =5.5> (G,),, and
Gp=4<(Gyp) s, respectively. In each of these cases, curves
entering and leaving the saddle point at t—7, =0 are shown,
the behavior in each case following that sketched in the
corresponding part of Fig. 2. The solutions shown in Fig. 3
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Fig. 3 Calculated integral curves for the simple case represented by
Eqs. (15, 18a, 26, and 20a), with b=2, k=1, a=(y+1)/2=1.2,
xg =15, and C,, = — 2yC3,/3, illustrating the three cases sketched in
Fig. 2; curves labeled a (---), b(—), and ¢ (-—-) refer to the
corresponding cases in Fig. 2. x, is the steady-state value of x); ®,
center; x, saddle point.

are for very simple (parabolic) wall shapes. There appears to
be no simple way of predicting (G,),, for more complicated
wall shapes; in general, it is necessary to integrate numerically
along an integral curve leaving a saddle point to see which
case occurs for the given  parameters. Examples are shown
later.

With the mathematical behavior of the integral curves
through the saddle points understood, it is possible to in-
terpret the physical behavior of the shock wave associated
with each of the cases a, b, or ¢ in Fig. 2. First, it is convenient
to note those conditions under which a shock wave first must
form at the throat as the plenum pressure decreases in a
completely subsonic channel flow. This may be done by
writing the pressure at x=X using Eqs. (4c, 5b, and 8a) with
t, =0; for f” (X) =0, the back or plenum pressure P, is

P (X)sz[(“YT)ui(X)— t(—X)”]
1
(28)

where u, (X) <0. From Eq. (28) and a similar equation
written at x=0, it is seen that the condition for the back
pressure to be that which gives the subsonic solution for
0 <x< X with sonic pressure at the throat is:

Coy +G (1) =0 (29)

But this condition, for the case where G(f) (and hence the
pressure) is decreasing, is precisely the condition for the
saddle point, as exemplified by Eqgs. (15) and (16) and the
discussion following these equations. As the back pressure
decreases, such that C,, 4+ G(t) <0, then a shock wave must
be formed at the throat immediately, since there is no time lag
between the plenum and channel pressures, and then move
downstream. Thus, the integral curve leaving the saddle point
is the solution which corresponds to the physical behavior of
the shock wave as it forms at the throat and moves down-
stream. With this fact in mind, one can categorize the possible
shock-wave motions associated with each of the cases a, b,
and c, in Fig. 2; which of these cases occurs depends on G,
f(x), x4, and k, as mentioned previously. In the following,
the term ‘‘initial condition’’ refers to the initial shock-wave
location, i.¢., the steady-state shock location before the back
pressure begins to oscillate.

In Fig. 2a, one can see that for any 1n1t1a1 condition which
does not lie on an integral curve entering a saddle point (two
are illustrated by circles in Fig. 2a; the subsequent shock
motion is shown by the dashed lines through these circles), the
shock passes through the throat and disappears upstream.
Thereafter, the flow in the channel is everywhere subsonic
until a saddle point occurs at x,, =0, at which point a shock
wave forms at the throat and follows the path indicated by the
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Fig. 4 Sketches of shock-wave motion when the amplitude of the
impressed pressure oscillation is large enough to drive the shock wave
upstream of the throat, for each of the three cases shown in Fig. 2;

cases labeled a, b, and c refer to the corresponding cases in Fig. 2. x,
is the initial, steady-state condition for the shock position.

t

integral- curve leaving the saddle point; i.e., it travels
downstream, then moves back upstream and disappears,
forming at the throat again at the time associated with the
next saddle point, etc. Thus, no matter what the initial
condition is, the final shock motion is described by the in-
tegral curves leaving the saddle points as shown in Fig. 4a.
For the periods of time between the disappearance and ap-
pearance of a shock wave, the flow is subsonic throughout the
channel. If the initial condition corresponds to a point on an
integral curve entering the saddle point, the shock moves to
the throat and then downstream of the throat on the integral
curve leaving the saddle point. Thereafter, its motion is the
same as that shown in Fig. 4a.

Referring now to the dividing case shown in Fig. 2b, it is
seen that there are several different possibilities for the shock
motion depending on the initial condition, again indicated by
circles. If the initial condition lies outside the integral curves
through the saddle points, the shock position merely oscillates
with time, never going through the throat. If the initial
condition lies beneath the integral curves through the saddle
points, the shock moves upstream, passes through the throat
and disappears; it then forms at the throat at the time
corresponding to the first saddle point after its disappearance.
Then it follows the integral curves through the saddle points,
so that thereafter it just moves to the throat and never passes
upstream; this motion is illustrated in Fig. 4b. If the initial
condition should lie on an integral curve through a saddle
point, the shock position is completely described by integral
curves through the saddle points; the shock never moves
upstream of the throat.

Finally, referring to Fig. 2c, there are again several possible
initial conditions. If the initial condition lies above the in-
tegral curve entering the saddle point, the shock motion
approaches a periodic form, never reaching the throat. If it
lies on an integral curve below the curve entering the saddle
point, it moves upstream through the throat and disappears,
forms at the throat at the time corresponding to the first
saddle point after its disappearance, and then moves away
from the throat and approaches a periodic motion, never
approaching the throat again. This motion is shown in Fig.
4¢. Finally, if the initial condition should lie on the integral
curve entering the saddle, the shock wave moves to the throat,
moves away immediately on the integral curve leaving the
saddle point, and approaches the same periodic motion
previously mentioned.

The numerical examples shown thus far (e.g., Fig. 3) have
been for simple wall geometries for which it is possible to
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Fig. 5 Calculated integral curves through the saddle point
illustrating the case sketched in Fig. 2a for C,;=0, G=4 sin2t,
y=14, 7=100, ¢=0.1, C, =0, and f(x) as given in Eq. (30).
Solutions are found by numerically integrating Eq. (11).

Fig. 6 Calculated integral curves through the saddle points (solid
lines) and from the initial condition to the time axis (dotted lines) for
two values of x, and thus C,,. For curves marked a, corresponding to
the case sketched in Fig. 2a, x,=1.5; for curves marked c,
corresponding to the case sketched in Fig. 2¢, x, =0.75. For each case,
G=4.5sin2t, y=1.4, 7=150, ¢=0.1, C,, =0, and f(x) is as given in
Eq. (30).

derive an approximate relationship between the parameters
for the special dividing case shown in Fig. 2 [Eq. (26¢)]. For
general geometries, it is necessary to integrate Eq. (11)
numerically along the integral curve leaving the singularity,
using Eq. (17a) to find starting values near x4, =0, to find
which case holds. Examples of such calculations, for more
complicated wall shapes, are shown in Figs. 5 and 6. In these



1246 ADAMSON, MESSITER, AND LIOU

calculations, f(x) is:

f(x)=18x%/13 x<1
=27(x—2)*/13+48(x—2)3/13+3 I=x=2
=3 x>2 30)

Figure 5 shows calculations made for C,, =0, that is, for the
case where the steady-state solution is that for which the flow
goes through sonic velocity at the throat but is subsonic
thereafter, with no shock waves. Clearly, the unsteady motion
is that illustrated in Fig. 2a. In Fig. 6, two examples are shown
in which the only parameter varied is the steady-state shock
position, x,. Referring to the integral curves through the first
saddle points, it is seen that for x,=1.5 the situation is that
illustrated in Fig. 2c while for x, =0.75 it is that illustrated in
Fig. 2a. Also shown in Fig. 6 are the solution curves from the
initial condition to the point wherce the shock passes through
the throat. With these two curves and those leaving the first
saddle point, one can then find the resulting shock wave
motions corresponding to Figs. 4a (x,=0.75) and 4c
(xp=1.5).

Conclusions

For general channel wall shapes, the shock-wave motion
associated with an oscillating back pressure is found by in-
tegrating Eq. (11) numerically. In the event that conditions
are such that the shock wave moves upstream through the
throat and disappears, the subsequent shock motion may be
found by integrating Eq. (11) along the integral curves leaving
the saddle point, using Eq. (17a) for starting values. This
integration will establish which of the cases illustrated in Fig.
4a exists for the given conditions and this will allow prediction
of the subsequent shock-wave motion.

The previous examples illustrate the remarkably varied
shock-wave motions governed by the simple first-order
nonlinear Eq. (11). Moreover, they illustrate the well-known
fact that in transonic channel flows, small changes in
downstream pressures can cause large local changes in
pressure by changing the location of the shock; in these
examples, the pressure jump across the shock is O (e), and the
position is governed by changes in back pressure O(e?).
Finally, they show that large changes in shock position can
result from small changes in back pressure; i.e., for
AP, =0(e’), Ax,=0(1). The solutions presented allow
relatively simple calculations of shock positions to be made
for transonic flows in symmetric channels with arbitrary wall
shapes and arbitrary oscillations in back pressure. The ex-
tension to asymmetric channels, still with radius of curvature
O(e~?) is not difficult, and it appears that these results may
have application to inlet buzz and to flutter problems in
turbomachinery.

It may be noted that according to Eq. (11}, when the shock
wave passes through the throat moving upstream, it does so
with an infinite velocity. This simply indicates that the ex-
pression for the shock-wave velocity is not uniformly valid in
the region of the throat, so that an inner region must be
considered there in which corrections to the shock-wave
velocity may be calculated. As shown in the Appendix, the
corrected shock-wave velocity is finite, but now of order €3/2
rather than €?, and the jump in pressure across the shock as it
passes through the throat is O (e/2) rather than O(e).

Appendix
When the shock wave is moving upstream and approaching
the throat, the solutions are not uniformly valid, as indicated,
for example, by the fact that the shock-wave velocity and
fluid velocity approach infinite values. The manner in which
corrections to the solutions are found may be illustrated for a
given wall shape in the neighborhood of the channel throat;
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here the often-used parabolic shape, Eq. (18a), is employed.
Then, when the shock wave is near the throat, the velocity
downstream of the throat is, from Egs. (4, 5, and 8a) with
t,=0,

2 1 2y—3
u=1—e\f —LX+€2{(1()’2— —) - Llaxz
y+1 3 3(y+1)

v HI(Cyy+G(1)) +
2a

;;*}+... (A1)

Thus, for C,, +G(¢) #0, it is seen that when x=0(e?/?}), the
first- and second-order terms become of the same order, and
an inner region must be considered, of order ¢//? in thickness.
In this region, then, a new coordinate X is defined, such that: _

X=x/e!? (A2)

and so Eq. (A1) may be written as:

2a y+1 -
wmt=er i Cut o))

1 (2y=3)
2 VAN TP | 2
+e a(y 3) € 3(7+1)ax +... (A3)

where ris defined in Egs. (2) and (3).

In the same way, one can use Egs. (9) and (10) to write the
corresponding equations for the shock-wave velocity:

+1\ 71
u_y=—f“<77) Zéa—(czd+c(t))/)?s+... (A4)

Equations (A3) and (A4) are the outer solutions to which the

inner solutions must match term by term.

In the inner region, it is seen from Egq. (A3) that
u=1+0(e’?). One can define a velocity potential ¢ to the
order desired, where u=¢,=¢~"?¢. and v=¢,. The ex-
pansion for ¢ is:

d=€!25+e2¢, (Ep,1) +€72¢, (X3,0) + €2 d; (E),1) +...
) (AS)

The wall boundary conditions are found by expanding Eq. (1)
about x =0, writing the resulting equation in terms of X and
requiring that the flow be tangent to the walls. Then,

&]y(i)ilxl)zo (A6)
¢y (X, £ 1,1) = £2aX (A7)
b3, (X, +£1,0)=0 (A8)

Finally, the jump conditions across the shock wave are written
relative to the moving shock wave.'? Since, from Eq. (A4), it
is seen that u, =O(e*?) in the inner region, the general ex-
pansions for the shock-wave velocity and the jump conditions
are:

u =€, (1) +... (A9)

'

. A —1
(uu—us)(ud—us)=1—2<7—)63/2L750+... (A10)
y+1

If Egs. (A2) and (AS) are substituted into the potential
equation, linear governing equations for each of the ¢, are
obtained. These equations are easily integrated and, after

applying the boundary conditions, Eqs. (A6-A9), one finds
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that for x>x,,

- [ 2a _ -
¢1,\7 - 'Y+1xz+Cl(t) (AlD)
- IN M@

L= 2_ L _ Al2
bs=aly 3)+ 3. (A12)

where (:’, (t) and M(¢) are functions of integration. These
solutions are used to write the inner solutions for u, and the
resulting equation is written for X¥» 1 and compared with Eq.
(A3). Then for the solutions to match, it is found that for
x> X

C (1) =2[Coy +G(1)] (A13)

M(r)=0 (Al

Upstream of the shock wave ¢,;>0; C, =0 and M =0 since
the flow is sonic at the throat. With &,, known upstream and
downstream of the shock, one can use Egs. (A9) and (A10) to
show that the shock-wave velocity in the inner region is:

= —(1:—1>[ (72_:11) x2+C,(t)—J—x] (Al5)

For ¥» 1, and C, as given in Eq. (A13), the inner shock-wave
velocity, Eqs. (A9) and (A15), matches with the outer shock
velocity, Eq. (A9), as it should.

Finally, by adding the inner and outer solutions and
substracting the common terms (those used in matching), one

can write composite solutions for u, and u for x>x,,

uniformly valid to order ¢?/? throughout the channel. Thus,

u=1+ [u \/2—“ 2 4 2¢[C +G(t)]+\/ 2a }
AT TN g et v+1

v (= D) - ay=nutssrie

2 3
y+1 1)]
S RO
2a x

1
+[Czd+G(f)]<u—

L X>X (A16)
1 B
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= —e (7+1){ —x 24 26[Coy + G(1)]
e G

4/72:1 . ) (C2d+G(t)) 237 uiu} +o (A17)

It is seen that as x—0, u, and « remain finite. It should be
noted that the solutions represented by Eqgs. (A16) and (A17)
are necessary only for C,, +G(¢) =0, i.e., for the case where
the shock wave is approaching the throat from downstream or
when subsonic flow exists throughout the channel. As soon as
C,;+G(f) becomes negative, corresponding to the shock
wave forming at the throat and moving downstream, the
shock velocity and flow velocity downstream of the shock are
finite and no inner solutions are necessary. The outer
solutions, as presented in the text, are valid to the order in-
dicated.
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